| The CENTRE for EDUCATION in MATHEMATICS and COMPUTING

Grade 11/12 Math Circles
November 23, 2022

Generating Functions

What can Generating Functions do?

Today we are talking about one of the fundamental tools in a field of mathematics known as Combi-

natorics: generating functions. To begin, let’s look at some problems which we will be able to solve
with generating functions!

The Coin Problem

How many ways can we make x cents using 5, 10 and 25 cent coins?

Let’s start by considering a small example.

Exercise 1

How many ways can we make 50 cents using just 5, 10 and 25 cent coins?

Stop and Think

What approach did you take to solve Exercise 17 What if we wanted to know the number of

ways to make $17 Or $57 Does your approach scale to larger amounts of money?

Sicherman Dice
Find two siz-sided dice such that:
e Fach side has a positive integer number of dots

e The two dice are not the same

e The probabilities of rolling a sum of 2,...,12 on these dice is the same as the probabilities for

reqular six-sided dice
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Before we can think about this problem, we first need to understand what it means for the probabil-
ities that we roll 2,...,12 to be the same.

With a normal six-sided die, we have the faces 1,2,3,4,5,6. Rolling two such dice gives us 36

combinations:

QO | W N| =

There is only one way, rolling a 1 and then another 1, that we can roll the dice to get a sum of 2.

There are two ways, rolling a 1 then 2 or a 2 then 1, to get a sum of 3.

Exercise 2

How many ways can we roll the dice to get a sum of 97 What are those ways?

Stop and Think

Is there a pattern to the number of ways to roll the dice to get a given sum?

So, having the same probabilities is having the same number of ways that we can roll each value.

Generating Functions

In order to understand generating functions, we first need a few definitions.

Definition 1. A set is a collection of objects. (If there are duplicates, then we assign each of them

a different colour.)
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Example: Sets

Each of the following are examples of sets:
e {a,b,c}
e Z={...,-3,-2,-1,0,1,2,3,...}
e Set of 0-1 strings = {9, 0,1, 00,10,01, 11,000, ...}

Definition 2. A weight function is a mapping from a set to N = {0,1,2,...}.

Example: {a,b,c} Example: 0-1 Strings
Define our weight function w, as w(a) = 1, Define our weight function, w as the length
w(b) =5 and w(c) = 2. of the string. For example, w(010) = 3.

Definition 3. A combinatorial class is a set, paired with a weight function, such that there are a

finite number of objects of any weight.

Example: Combinatorial Class

The set 0-1 strings with the weight function w(x) = length of the string is a combinatorial class.

Stop and Think

0-1 strings with a weight function of g(z) = the number of 0’s in the string is not a combinatorial
class. Why not?

Definition 4. A generating function is a structure of the form

[e.9]

E 2" = ag+ a1z + asz® + azz® + ...

n=0

which stores information about combinatorial classes. In particular, a,, = the number of objects of

weight n.



| The CENTRE for EDUCATION in MATHEMATICS and COMPUTING

Exercise 3
What is the generating function for the combinatorial class with a set of length three 0-1 strings

and weight function w(z) = the number of 1’s in the string?

Example: 0-1 String Generating Function
What is the generating function for the combinatorial class with the set of 0-1 strings and the

weight function w(zx) = length of the string?

By listing out the options, we know that there is 1 string of length zero, 2 of length one, 4 of
length two and 8 of length three. In fact, this doubling pattern continues.

This is because each string of length n 4 1 is actually a string of length n with a 0 or a 1 in
front. Try creating the length three 0-1 strings from the length two 0-1 strings by putting a 0

or a 1 in front of each string to justify this for yourself:

This gives a generating function of:
1204+ 220 + 422 +82° + ...

=200 4ol 1 4 92,24 93,3 4 |

o)
n=0

. J

Notation: If F(z) =) > a,z", then the coefficient of 2™ is denoted by [z"]F(z) = ay.

Example: Coefficients

Let F(z) =1+ 52 + 322 + 223, Then, [2'|F(z) = 5.
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Generating Function Operations

Throughout this section, let A and B be combinatorial classes with corresponding weight functions
wy and wp. Let the generating functions for A and B be A(z) = > 7 ja,2" and B(z) =~ b,2".

Geometric Series
Geometric series give us a way to write our generating functions as rational functions (functions with
a polynomial in the numerator and denominator) rather than sums. Let F(2) = 1+ 2+ 2%+ 23 +.. ..

Then, F(z) =07 2" = -

1—z°

Example: Geometric Series 1
F(z) =1+22+42* +82°+...

Example: Geometric Series 2
H2)=z+22+22+2*+ ...

B oo<2z)n — 2l +2+22+2+..)
" =z) &
T 1-22 "

1—2z2

Addition

A + B is defined to give the following combinatorial class: the set is the objects in the set of A as
well as the objects in the set of B. The weight function gives the weight of the object from its
original class. The generating function A(z) + B(z) = > 7 (a, + b,)z".

Example: Addition
How many 0-1 strings of length two or three have one 17

In this case, define A and B as the following:
A: Set: 0-1 strings of length two

Weight Function: The number of 1’s

GF: A(z) =1+22+22

B: Set: 0-1 strings of length three

Weight Function: The number of 1’s
GF: B(2) =1+3z+ 322+ 23

This gives:

A + B: Set: 0-1 strings of length two or three

Weight Function: The number of 1’s

Generating Function: A(z) + B(z) =1+22+ 22+ 1+ 32 +322 + 23 =2+ 52 + 424 + 23

So, the number of 0-1 strings of length two or three which have one 1 is [z](A(z) + B(z)) = 5.
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Multiplication

A x B is defined to give the following combinatorial class: the set is the objects of the form (a,b)
where a is in the set of A and b is in the set of B. The weight function is w((a,b)) = wa(a)+wg(b).
The generating function A(2)B(z) =~ (O r_; axba—i) 2". Note that the generating function

is exactly as we would expect if we were simply multiplying polynomials.

Example: Multiplication 1
What is the generating function for the combinatorial class representing rolling two reqular 6-

sided dice?

In this case, define A and B as the following;:

A=B:

Set: Ways to roll {1,2,3,4,5,6}

Weight Function: Value shown on the die: wa(z) = wg(z) =«
GF: A(z)=B(z)=z+ 22+ 23+ 24 + 254 2°

This gives:

A x B:

Set: (a,b), where a is the first roll and b is the second

Weight Function: w((a,b)) =a+b

Generating Function: A(2)B(z) = (2 + 22 + 23 + 2% + 2° + 26)?

Example: Multiplication 2
Find the generating function for the 0-1 strings ending in 010 with a weight function of the

length of the string.
Define A and B as the following:

A: Set: 0-1 strings B: Set: {010}

Weight Function: Length of string Weight Function: Length of string
GF: A(2) = =5 GF: B(z) =23

This gives:

A x B: Set: (a,010), where a is a 0-1 string
Weight Function: w((a,010)) = ws(a) + 3

Generating Function: A(2)B(z) = 1f32Z

Why is A(z)B(z) the generating function that we would like?
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Stop and Think
What if we substitute z = 1 into a generating function? For example, if A(2) = 1+32+322+ 23,

the generating function for 0-1 strings of length 3 with weight function the number of 1’s, then
Al)=14+3+3+1=8.

Applications of Generating Functions

Now that we have studied generating functions and their properties, we can return to our initial
questions, the Coin Problem and Sicherman Dice.
The Coin Problem
How many ways can we make x cents using 5, 10 and 25 cent coins?
To answer this question, we will create three combinatorial classes, one for each of the coin options,

representing choosing how many coins of that type to take. Since we want the sum of the coin values

to be a certain amount, we will use weight functions representing the value of the coins chosen. For

this, we get:
A: B: C:
Set: Set: Set:
Choices for number of 5¢ coins  Choices for number of 10¢ coins  Choices for number of 25¢ coins
WFEF: wy(z) =5z WFEF: wp(x) = 10x WF: we(x) = 25z
GF: GF: GF:
AR) =2+ 22+ 2104 ... B(z) =24+ 204220+ ... Clz) ="+ 25+ + ...
_ Z 5 _ Z ,10n _ Z ,25m
n=0 n=0 n=0
1 B 1 B 1
128 1210 1= 2%
Then,
AxBxC:

Set: (a,b,c), where a is from A, b is from B and ¢ is from C. In other words, each element represents
a choice of coins.

Weight Function: w((a,b,c)) = wa(a)+wp(b) +we(c) = ba+ 10b+ 25¢, in other words, the total
value of the coins chosen.

Generating Function: A(z)B(z)C(z) =

1
(1—25)(1—210)(1—22%)
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Sicherman Dice

Find two siz-sided dice such that:
e Fach side has a positive integer number of dots

o The two dice are not the same

e The probability of rolling a sum of 1,2,...,12 on these dice is the same as the probabilities if

they were regular siz-sided dice

Let’s start by converting each of these requirements into generating function terminology. In partic-

ular, we want to represent the two new dice rolls as a generating functions.

1. Having a positive integer number of dots means that the new dice cannot have a constant (z°)

term.

2. To have different dice, the corresponding generating functions for each die must be different.

3. To have the same probabilities, the generating function created by multiplying the two dice

generating functions together must be the same as for regular dice.
4. To be six-sided, A(1) = B(1) = 6.
From earlier, we found that the generating function of multiplying two regular dice is

F(2)=(z+ 22+ 2%+ 2% + 2° + 29)?

If we factor this, we get F(2) = 2%(z + 1)%(2* + 2 + 1)%(22 — 2 + 1)%.

In order to satisfy Requirement 1, we need each die to have a z factor. Since we need the dice to be
6-sided and A(z) = C(2)D(z) = A(1) = C(1)D(1), we need a factor of z + 1 and 2% + 2 + 1 for

each die. Finally, since the dice cannot be the same, this gives new dice with generating functions
AZ) =2(z4+ D)2+ 24+1) = 2 4+222 +22° + 2*

and
B(z)=z20z+1)(P2 42+ D)2 — 2412 =2+ 22+ + 5+ 25+ 28

So, our two new dice have sides {1,2,2,3,3,4} and {1, 3,4,5,6,8}.



